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[xj ' Introduction 



In this paper we find a remarkable subalgebra of higher symmetries (also known as 
generalized symmetries, jHj) of the following linear elliptic equation: 

ZED = + V) (UXX + Uyy) + U X + Uy = 0} (l) 

in the unknown function u = u(x,y). This Euler-Darboux type equation appears in 
two recent papers ([EH, [Ej) devoted to the study of Lorentzian Ricci flat 4-metrics 
admitting a bidimensional nonabelian Lie algebra Q of Killing vector fields with non null 
orbits. Coordinates (x, y) appearing in (0) are a conformal chart on the Riemannian 
surface M, quotient of the space-time with respect to Killing foliation (see below for 
further details). Hence, Q must be considered as (a local representation of) a second 
order equation on the trivial bundle M x R — ■> M, (x, y, u) — > (x, y). 

Let us briefly recall the physical origin of (JIJ. It has been shown in ^Hl that, if 
the distribution orthogonal to the orbits is completely integrable and Q admits a null 
Killing vector field Y, then the most general Ricci flat metric of this type takes, in a 
suitable chart (xi, x 2 ,p, q), the form 

flr = 2/ (dx\ + dxj) + /i [(h (xi, x 2 ) - 2q) dp 2 + 2dpdq] , (2) 
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where: /i = A$ + B with A,B G R, $(xi,X2) is a non constant harmonic function, 
/ = ± (V$) 2 / a/I/^I and ^ x 2 ) is a solution of equation 

Ah + {8 X1 In fi^/i + In |/i|) 9 X2 /i = 0. (3) 

Space-time metrics (j2J) were already known since the earlier works of Dautcourt, Ehlers, 
Kramer and Kundt (see [3] , jl] , [3] , [7j and also Chapter 24 of [T3] ) on Ricci flat 4-metrics 
with a null Killing vector field. 

In fact, one can distinguish two cases according to whether fi is constant or not. 
When /i is constant the above metric is a particular case of pp-wave (see [IE]). On 
the contrary, if fi is not constant, by taking /i and its harmonic conjugate jl as new 
coordinates one can bring © to the more simple form 

(V + h m ) + hp = (4) 

and (j2J) takes the well known form (see [TBI) 

g = -y= (dfi 2 + dp 2 ) + 2fidp (dq + Mdp) (5) 

with M = h(ji, p) /2 - <?. 

Hence, in order to find concrete Ricci flat metrics of the form (jSJ) it is necessary 
to find exact solutions of (JH) or, equivalently, equation (JTJ) which is obtained by (JH) 
through coordinate transformation {x = ji + /t, y = ji — /i}. 

The most efficient way to do this consists in finding classical and higher symmetries 
of such equations and using them to generate solutions (see next section for a brief recall 
of the notion of symmetry of a system of PDE's; for further details look at references 
therein) . 

Classical symmetries of (JTJ) have been already studied in our previous paper j2]. 
The aim of the present paper is to describe a subalgebra of higher symmetries of by 
reducing it, via a complex contact transformation H (see section |2J), to its hyperbolic 
analogue 

y ED = {2 (f + 77) ui-r, + u ( + Uri = 0}, (6) 

whose higher symmetries have been studied in detail in ^U], ^T] and ^2]- Of course, 
using a complex transformation involves several problems of both geometrical and ana- 
lytical kind. In particular, one must complexify the original bundle 7r : M x R — > M and 
the corresponding jet bundles. Now, the complexification of a real analytical manifold 
can be done in several ways, all locally equivalent (|18j). However, we are interested 
in preserving the jet bundle structure and, furthermore, in the possibility of holomor- 
phically extending real analytical functions to the whole complexified jet bundles. For 
these reasons, in the rest of the paper it will be assumed that: 1) M = R 2 ; 2) the only 
functions and differential operators to be considered on the original real jet bundles 
are those which rationally depend on base and jet variables. In fact, as we are mainly 
interested in local coordinate expressions of infinitesimal symmetries of (0), the first 
assumption does not represent too severe a restriction. As to the rationality assump- 
tion, it has been made to ensure the holomorphic global extendability. In particular, we 
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construct a vector space isomorphism between rational higher symmetries of equations 
® and CEJ). 

The paper is structured as follows. 

In section Q we give basic notions of the theory of symmetries of differential equa- 
tions, which we interpret as submanifolds of jet bundles. Namely, we regard equation 
(0) as a submanifold of the second jet bundle J 2 (ti). In this geometrical setting, higher 
symmetries are vector fields on the infinite prolongation of Bed preserving its contact 
structure; in fact, such vector fields can be identified with the corresponding generating 
functions, so that we use the latter in concrete computations. 

In section E] we analyze the action of complex transformation if on a generic linear 
partial differential equation B in two independent variables, with rational coefficients. 
After having explicitly determined prolongation H and its most remarkable properties, 
we construct, starting from it, a vector space isomorphism between the algebrae of 
rational higher symmetries of equation B and of transformed equation y ; roughly 
speaking, maps any rational symmetry ip of y into the sum of the real and imaginary 
part of the pullback of ip along H (theorem ^ . By a completely analogous reasoning 
one obtains a corresponding isomorphism between the rational recursion operators of 
the two equations (theorem [TDJ). 

In section |3] we give concrete examples of computation, taking into consideration 
the results of (THj, [H] and [12]. We explicitly find symmetries of Bed depending on 
second derivatives, obtaining as a by-product contact symmetries already found in [2] . 
Finally, up to solutions of Bed, the Lie algebra structure of rational higher symmetries 
of Bed is completely determined. 

1 Basic notions on symmetries 

In this section we recall the basics about jet bundles and symmetries of PDE (for further 
details see 0, 0,0, MWi EH) 

Let M be an n-dimensional smooth manifold and tt: E — > M be a vector bundle, 
dimE = n + m. Let U C M be a neighborhood of M such that 7r _1 (W) ~Wx IR m and 
let (x\, u l ), A = 1 . . . n, i = 1 . . . m, with (x\) coordinates on U, be the corresponding 
trivialization. Then a local section of it is locally given by u l = f % (x±,X2, ■ ■ ■ ,x n ). We 
shall denote by r(7r) the C°° (M)-module of local sections of tc. 

Two local sections s and s of 7r are said to be r-contact equivalent at the point 
x G M if their Taylor expansions at this point coincide up to order r. This is an 
equivalence relation, and we shall denote by [s] r x an equivalence class. The set J r (vr) of 
all the equivalence classes [s] r x is called the jet bundle of order r and it has a natural 
vector bundle structure. A chart (x\,ul) on J r (ir) is defined by u^([s]£) = (x), 

where a = (<Ti, <j 2 , . . . , cr n ) with \a\ = a i — r an d < Oi < n, is a multi-index and 

IS stands for 

We have the following natural maps: 
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1. the embedding j r s: M — > J r (7r), x h- > [s] r x , 

2. the projections ir k ^ h : J k (ir) — ► J h (tt), [s]* i— > k > h, 

3. The base projections 7r r : J r (7r) — ► M, [s]£ i— > a;. 

Note that there is a natural bijection between smooth functions on J r (jr) and scalar 
r-th order differential operators on F (it). Namely, with each F G C°° (J r (Tf)) one can 
associate the following operator 

A F : T (tt) -> C°° (M) , s h+ F o j r s, s G T (tt) . 

The contact plane C r e at the point G J r '(tt) is the span of the planes Tg (j r s(M)), 
with s G T (7r) varying among sections whose r-jet at ir r (9) coincides with 9. We have 
the contact distribution 9 \— > C£ on J t {tt). A diffeomorphism of </ r (vr) is called a contact 
transformation if it is a symmetry of the contact distribution (i.e. if it preserves contact 
planes). A vector field on J r (ir) whose flow consists of contact transformations is called 
a contact field. We note that a point 9 = [s] r x +1 of J r+1 (7r) is completely characterized 
by T 7Tr+l jff\ (j r s(M)). Then we can lift a contact transformation G of J r {^) to a contact 
transformation of J r+1 (7r) by considering G*(T Wr+lr (g)(j r s(M))). Of course we can 
lift contact fields by lifting their local flows. According to a classical result by Lie 
and Baecklund, any contact transformation is the lifting: 1) of a first order contact 
transformation if m = rank7r = 1; 2) of a diffeomorphism of J° (tt) = E if m > 1. An 
analogous result holds for contact fields. 

A differential equation £ of order r is a submanifold of J r {7f). A linear equation 
is a linear subbundle of J r (vr) — > M. A (local) solution of £ is a section s of tt such 
that j r s(M) C £. The 1 -prolongation £ l of the equation £ is the set of first order 
"differential consequences" of £. Geometrically: 

£' = {[s} x +1 G ,r +1 {TT) I a G !», [s]l G E, T [s] r( Jr s(M)) C T [s]£ £}. 

By iteration we can define the /-prolongation £ . Locally, if the equation £ is described 
by {F i = 0}, with F l G C°° (J r (tt)), then £ l is described by {D a (F i ) = 0} with < 
| a | < I, where D a = D ai o D a , 2 o ■ ■ ■ o D an and D\ are total derivatives: 

Note that the above definitions of r-contact equivalence and r-th order jet space 
make sense even in the case r = oo. Obviously, J°° (tt) is not a finite dimensional 
smooth manifold (its points are sequences of the form {9 r } , r G N , with 9 r G J r (tt) 
and 7r r>r _i (9 r ) = 9 r _i ). However, a very rich differential calculus can be developed on 
it, making it an extremely useful tool in symmetry analysis of PDE's as well as in many 
other fields. Here we limit ourselves to recall just a few basic facts about the differential 
structure on J°° (tt) (for further details see pQ): 
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By definition, smooth functions on J°° (tt) are pullbacks of smooth functions on finite 
order jet spaces along projections ir^k- Thus, C°° (J°° (tt)) is a filtered algebra (the 
degree being the jet order of the pullbacked function). Consequently, vector fields on 
J°° (tt) are defined as derivations X : C°° ( J°° (tt)) -> C°° ( J°° (tt)) such that degX (/)- 
deg / is a constant integer depending only on X. Vector fields on J°°(7r) do not admit, 
generally, a flow, even locally. For instance, D\ is a vector field on J°°(7r) with degree 
1. A tangent vector at a point 9 = {9 r } G J°° (tt) is a sequence £ = {£ r } such 
that £ r G Tg r J r (7r) and do r ir r , r -\ (£ r ) = £ r _i. The contact plane is the sequence 
}. Contact distribution 9 i — ► C# on J°°(tt) is n-dimensional (it is spanned by total 
derivatives {Ax}i<A<n) anc ^ formally integrable, in the sense that its generators satisfy 
Frobenius conditions. A vector field on J°°(tt) lying in the contact distribution C is 
called trivial as it is tangent to all integral manifolds of C. Any contact field X on 
J°°(tt) can be splitted in a vertical and a trivial part. More precisely we have that: 

X = X ip + T 

where 

with (p = (<fi, . . . , <^m), ¥j G C°° ( J°° (7r)) and T is a trivial vector field. It can be proved 
that fields of the form (|7|). called evolutionary vector fields, are the only vertical contact 
fields on J°° (tt); vector function if is called the generating section of X v (also know as 
characteristic of a contact field, [Sj). Evolutionary vector fields form a Lie subalgebra, 
isomorphic to the algebra of generating sections with respect to Jacobi bracket 

{^} = A^W-A^) (8) 

A classical symmetry of S is a contact field on J t (tt) tangent to £ . If, in particular, 
it is a lift of a vector field on E, then it is called a point symmetry. A contact field on 
J°°(tt) tangent to S°° is called an external higher symmetry. A vector field on S°° which 
preserves the contact distribution induced on S°° is called an internal higher symmetry. 

Now we are interested in non-trivial symmetries, that is symmetries of the form X v . 
Locally, if the equation £ is described by {F % = 0}, with F l G C°° (J r (tt)), then the 
vector field X v is a symmetry of £ iff X^F 1 )^™ = 0. If we define matrix operator ip 
I'.v 

l F (^\\X^(F*)\\ 
we have that ip is an external higher symmetry of £ if and only if 

{l F [fp)) | £ - = 0. (9) 

The operator tg = £f\£°° is called universal linearization of £. Locally we have that 
ip is an external higher symmetry if 
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where the bar denotes the restriction to 

It is easy to realize that any external higher symmetry restricts to an internal higher 
symmetry. The converse is also true: each internal higher symmetry can be obtained 
by restricting on £°° some external one. For this reason we shall not distinguish them, 
and we shall call them simply higher symmetries. Then we shall denote by Sym(£) the 
algebra of (non-trivial) higher symmetries of £. 

A vector valued operator A acting on vector functions on J°°(7r) is called C- differential 
if its restriction to £ 00 is well defined for any differential equation £. In local coordinates, 
A reads 



A 



where a% e C°°( J°°(n)). 



An example of C-differential operator is given by Ep- 

Finally, a recursion operator 9ft e Rec(£) for a differential equation £ is a linear 
C-differential operator which maps Sym(£) into itself. 

2 Symmetries and recursion operators of linear equa- 
tions by complex transformations 

In this section it will be shown how do symmetries of a scalar linear PDE in two 
independent variables transform under a complex point transformation. As we are 
mainly interested in local coordinate expressions of infinitesimal symmetries, we can 
safely assume that the bundle of independent and dependent variables is the trivial 
bundle vr : R 2 x R -> R 2 . 

Consider the r-th order scalar PDE 

£ = {F (x, y, u, u x , ity, Uhx,k y , u ry ) = 0} (11) 
where (x,y,u) are standard coordinates onR 2 xR, Uh x ,k y = u^x^xyy...y, h+k < r, and 



F is assumed to be linear in u, u x , u y , Uh x ,k y , •••> u ry with coefficients which are rational 
functions in x, y (the reason of this assumption has been given in the introduction). We 
want to express £ in terms of complex conjugate variables z, z, with z = x + iy. The 
complex analogues of jet variables are defined as follows. Recall that to z, z one can 
associate formal partial derivatives: 

d_ dcf 1 f d_ _ .d_\ d_ dcf 1 / d_ .d_\ 

dz 2 \dx dy J ' dz 2 \dx dy J 

These are vector fields on the complexified tangent bundle Tq (R 2 ) ~ R 2 x C 2 . Let also 
7Tc : R 2 x C — > R 2 be the complexified bundle of it. One can immediately extend to it 
the jet bundle construction of section[TJ Let s = s\ +1S2 be a section of tic and 9 = [s]* 
be its fc-jet at point a G R 2 . Then its complex conjugate is, by definition, 6 = \s] and 
its jet coordinates u rxm are complex conjugate to those u rXjPy of 6. 



6 



Starting from ()T2jl one defines by iterated composition higher order partial deriva- 
tives of sections of 7r c with respect to base "coordinates" z, z. This allows to define 
complex jet coordinates of 9 as 



UhzJz 



dcf 



dz h dz 



7» 



(13) 



for < h + I < k. 



Proposition 1 Let s G T (ttc)- Then 



Qh+lg 

dz h dz l 



d h+l s 
dz k dz l ' 



(14) 



for any h,l 6N. 



Proof. It easily follows from (|12j) by induction . ■ 

An immediate consequence of the previous proposition is the following relation be- 
tween k-th order complex jet variables of real jets (6 = 0): 

(15) 



u 



(k—r)z,rz "r2,(fc— r)zi 

Analogously, one can define also total derivatives with respect to z, z. First order 
total derivatives are, by definition 



D z = - (D x - iD y ) , 



D T =-(D x + iD y ) 



(16) 



and higher order total derivatives are obtained by (fTB*j) via iterated composition. 
Complex jet variables are related to real ones by linear relation: 



f = H ■ (x,y,u,u x ,u y ,. . ) T 



where H is the (infinite) block matrix 

/ P 



H 



p(i) 



p(2) 



with 



P 



\ 



P (k) 



■ I 



(17) 



(18) 



and denned by 

y(k) = p(fe) [/ W ) ( 19 ) 
withV^ = (u kz ,U( k -l) Z ,TS, ...,Mfcj) T , U {k) = (life,,, W(fc-l)x,», ■■■,Uky) 7 , P {k) = ||Pr S || r)S=0 ,...,A 

Any block is obtained by the previous one via recursive formulae (J29j) below. Therefore, 
the whole matrix H is determined by the first block P: in fact, H is just the contact 
prolongation of coordinate transformation Ho on J° (ire), given by: 

( Zj z) T = p.(x,yf ,u = u. (20) 

In next section we will explicitly determine coefficients of matrix H and show some 
remarkable properties of it. 



2.1 Explicit formulae for matrix H 

It is clear that, for any k G N and r = 0, 1, • • • , k, D^- r )z,rz is a linear combination of 
standard total derivatives of order k: 

r 

D( k -r)z,rz = y^ y Pra D {k-q)x,qy ( 21 ) 
q=0 

Consequently, keeping in mind that, as in the real case, complex jet variables can be 
expressed by formula 

Uhz,kz = P>hz,kz(u) , (22) 

with Dhz kz — D h z o we have that 

k 

'U'(k—r)z,r~z = ^ ^ Prq ^(fc— <j)x,qy (23) 

In order to compute coefficient p k s , let us apply both hands of (|21[) to the function 
x k ~ s y s . Such a function depends only on base variables, so its total derivatives coincide 
with the corresponding partial ones. Hence, the only non zero term in the right hand 
side of (12 lj) applied to x k ~ s y s is that with q = s, i.e. 



rs 



D {k - r )z,rz {X k V) = S ] .(k - S )\p. 

Hence 

To compute the total derivative in (J21|) it is convenient to express x k ~ s y s in terms of z 



and z: 



k—s s I i —\k—s I— \s 

x y = 2k( z + z ) ( z ~ z ) 

a=0 /3=0 v / V 



z a+/3—k-a-/3 
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Now, following the same argument as above, the only terms in this double sum on which 
D(k-r)z,rz does not vanish are those corresponding to the monomial z k ~ r f \ i.e. 

% £ M> a (v 5 )(; w -" 

a+ f3=k- r v 7 v ■ 

m(k,r,s) 



^ t (-i>*(*;%-r'-«) 

„ Mil. „ „\ \ / V ' 



o!=JVf(fc,r,s) 



with M (A;, r, s) = max (0, k — r — s), m (k, r, s) = min (k — r, k — s). Hence, (I24j) can 
be rewritten as follows: 

V 7 a=M(fc,r,s) \ / \ / 

_ ( 1)fc - r r!(fc-r)! , a ^ (-If 

1 ' 2 k ' ^ al(k-s-a)\(k-r-a)\(r + s + a-k)\ 

a=M(k,r,s) V ' V 7 V 7 

2.1.1 Some remarkable properties of matrix H 

• It is obvious that, for any k e N, the block is invertible (one must be able 
to express fc-th order standard jet variables in term of complex ones). It can be 
proved that the inverse is P^ = 1 1 1 1 , with 

n k _ nk-r+s k 

• For each block P^ the following symmetry property holds 

W q =P k k-r, q , (26) 

for r, q — 0, . . . , k. This is an immediate consequence of (j2Hj) and (|15)1. 

• For any k, P^ ■ P^ is real. In fact, considering, as above, only real sections of 
7r c and taking the complex conjugate of both hands of (|T9~j) . one gets 



y(k) = p(k)u(k) = p( k )p{k) y(k) (27) 

But, keeping in mind (JT3J), one also gets 



= AV {k) , (28) 
where A = \\5i,k-j\\i j=0 ,... k- Tll is, together with (|27| . implies that p(*0p( fc ) _1 = A 
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• The following recurrence formulae hold: 

P'f = \ (Pr,s ~ iPr,s-l) *>T V < k (29) 

Pk+i,8 = 2 (Pk,s + Wk,s-x) > 

where we pose p k _ x = Prk+i = for r = 0, 1, • • • A;. Such formulae are obtained 
from relations u^ k +i-r) z ,rs = D z (u {k -r)z,rz) , U(k+i)z = D* (ukz) together with (HEJ) 
e ((2H1)- 

2.2 The transformed equation and its symmetries 

Before proving the main result of this section, i.e. theorem |BJ some remarks about 
linear transformation (|17j) are necessary. 

First of all, (JT7J) can be extended to complex values of variables (x, y, u, u x , u y , . . .); 
in other words, H can be viewed as a contact transformation 

(f > V, u, «f , u v , ...) T = H- (x, y, u, u x , u y , . . .) T (30) 

of a complex jet space defined as follows. 

Recall that a complexification of a real analytic manifold iV is a complex manifold 
iV together with a real analytical embedding a : iV — >• iV and an involutive antiholo- 
morphism x '■ N —> N such that p a = a. As in the previous section, let 7r be the 
trivial bundle K 2 xl-> M 2 . Below we construct a complexification of J°° (tt) which is 
the right domain for transformation ([30)1 . 

Let 7r be the trivial holomorphic bundle C 2 x C — > C 2 . n is a natural complexification 
of 7r and transformation (|20p can be extended to the following automorphism of tt: 

(£, v) T = p ■ v) T , u = u, 

with (a;, y, u) G C 2 x C. It is clear that the jet bundle construction described in section 
n can be repeated word by word for holomorphic jet bundles. Thus, starting from tt 
one gets a sequence of jet bundles J k (tt) whose inverse limit we denote by J°° (tt). It 
is easily seen that, for any k G N, J k (tt) is a complexification of J k (tt). In fact, let 
Lk : J k (tt) — > J fc (7r) be defined in the following way. For any s G T (7r), a G M 2 , denote 
by P k a : M 2 — >■ 1R the fe-th order Taylor polynomial of s at a. Then 

fr dcf 
fc * {i S \a) = 

where P k a : C 2 — > C is the complex extension of P s fc a . Furthermore, let cr fc : J fe (7?) — > 

J fc (7?) be the map [s]^ 1— > [s] . The triple ( J fc (7?) , 6^, ap.) is the required complexification 
of J k (tt). The inverse limit J°° (7?) is a complexification of J°° (7r) in the following sense. 
Let 1 : J°° (tt) — > J°° (7?) be the map defined by 

t(0) = W (0 k )} keNo , 
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with 9 = {#fc} fegN • Analogously, the conjugate map a : J°° (7?) — > J°° (7?) is defined as 
the inverse limit of {o"fe} fceNo - So, by the phrase "J°° (7?) is a complexification of J°° (it)" 
we simply mean that we consider J°° (7?) together with maps 1 and a. We stress that, 
in accordance with the real case (see section [IJ, one must consider as holomorphic 
functions on J°° (7?) only the pullbacks of holomorphic functions on finite order jet 
bundles J k (7?) . 

We introduce the following definitions and notations. Denote by: 

• Q(J°° (it)) the algebra of real analytic functions on J°° (it), i.e. (see section |TJ) 
pullbacks of analytic functions on finite order jet bundles along projections it^h 

• Q (J°° (it)) the algebra of complex analytic functions on J°° (it), in the same sense 
as the point above. 

. n c ( (it)) = {ft + if 2 1 fu f2en ( j°° (it))}. 

Under the action of H equation (fTTj) is transformed into equation 

y = {f(Z, v ,u,--- ,um) = 0}, (31) 

with F = F o H~ l o 1. Here by F we mean the holomorphic extension of F to J°° (it). 
Note that such an extension is well defined due to the particular form of F. 

As we noted in the introduction, analytic functions on J°°(7r) are not generally 
holomorphically extendable on the complexification. Due to this reason, below we 
shall restrict our attention to rational functions of x, y, u, u x , u y , Uh x ,ky, ■■■■ In other 
words, we consider, instead of Q (J°° (it)), the subalgebra 71 (J°° (it)) of complex rational 
functions of (a finite number of) jet variables. Analogously, we denote by 71 (J°° (it)) C 
Q (J°° (n)) the subalgebra of real rational functions on J°° (it) and by IZc (J°° ( n )) C 

(^°° M) the algebra of functions of the form fi + if 2 , with /j 6 TZ (J°° (n)). 

With these restrictions, the holomorphic extension operator 

p:^ c (J ° (n))^7Z(J°° (7?)) 

is well defined (as above, we will occasionally denote p (f) by /). 

Below we will need to consider also holomorphic extension of differential operators. 

Obviously, any linear differential operator on 7Z ( J°° (it)) with rational coefficients 
can be extended by C-linearity to an operator on TZc (J°° (tt))- 

With any differential operator A : TZc (J°° (tt)) - ► TZc (J°° (tt)) one associates its 
image H (A) : 7Z C (J°° (tt)) -> 7Z C (J°° (tt)), defined as follows 

H(A) =T-[- 1 o AoH, (32) 

where 

H = l* o H * o p 
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Obviously, an analogous formula holds for the inverse map H . Furthermore, with 
any differential operator □ : 1Z& (J°° (71")) — > He (J°° (n)) one associates its real part 
□1 and its imaginary part C^, define by 

□i (/) = (□ (/)), , 

for any/G^c(J°° (tt)), J = 1,2. 

The linearization operators of equations (fTTjl and (|31|) are related as follows: 

lp = H(l F ) (33) 

Relation ()33|) is an immediate consequence of (fTU|) and the identity [D rx sy ) = 
(H (D x )) r o (H (D y )) s . 

Remark 2 In our case, the general scheme above applies to equations (EP and (OJ). 
More exactly, (QJ) t/te complex transformation of equation 

uxx + u YY + = 0, (34) 
which in its turn is obtained by equation (QJ) by point transformation 

G : (x, y, u) — > (X, y, tt) , X = x + y, Y — x — y. (35) 

In the last part of this section we prove the main result of this paper. Namely, 
we construct (see theorem ^ a vector space isomorphism from the algebra of real 
rational higher symmetries of £ into that of 3^- 

In order to prove theorem |U1 some technical lemmata are necessary. 

First of all, a straightforward computation shows that, for any vector field X on 
J°° (tt), the restrictions of (H~ 1 (X)) 1 and {H~ l {X)) 2 to K ( J°° (tt)) are vector fields on 
J°°(7r). 

Lemma 3 Let ip e 1Z(J°° (tt)) be the generating function of the evolutionary vector 
field Xp. Then we have that 

H~ 1 (X tp ) = Xnfy) = X {H ^ ))i + iX ( n( lf )) 2 (36) 

Proof. Firstly (H~ 1 (X lfi ))i and (H~ 1 (X ip )) 2 are vertical vector fields. This is an imme- 
diate consequence of verticality of X v and equalities: H^ 1 (x) = | (£ + 77), 'H~ l (y) = 

Secondly, they are contact fields. In fact 

[{H-\X v ))j,D x \ = [H-^X^D^ = (fT 1 ^, #(£>,)]) . 
= (H'^X^D^D,]). 
= {H- 1 [X^D i }) j + {H- 1 [X^D v }) 3 
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and analogously 

[{H-\X^)) h D y ] = {H-\X„D$. - (H- 1 [X^D v }) r 

Finally (TC((p))j is the corresponding generating section of (H~ l (X v ))j. In fact the 
generating section of (i?~ 1 (X v ,))j is (u), and 

(H-^X^jiu) = {HoX v o H- 1 ) j («) = {H{X v {H-\u)))) 3 

= {H{X 9 (u))) s = {H{tp)) s . 

■ 

Denote by Sym^(3^) and Sym n (£), respectively, the algebra of rational symmetries 
of y and £ . 

Lemma 4 If tp G Sym^(^) then (TC(<f)) 1 and (H(<p)) 2 belong to Sym n (£). 
Proof. It is a direct consequence of (JHEJ). ■ 
Lemma 5 Let p e 1Z(J°°(ir)). Then 

1) (W- X (W (¥»))!)! -(W-^WC^a)^^ 

a; (h- 1 (^M)i) 2 = (^ 1 (^(^)) 2 ) 1 = o 

Proof. We have that 

v = n- 1 (h M) = w 1 ((w H), + i (n M) 2 ) = ft- 1 ((w + iw 1 ((w (v)) 2 ) 
= {n- 1 (n (<p)) 1 ) 1 - {n- 1 (n M) 2 ) 2 + • ((t-t 1 (w H) 1 ) 2 + (w 1 (h M) 2 )J 

As is a real function, relations 1) and 

(7T 1 (W H) x ) 2 + (W 1 (W M) 2 ) x = (37) 
hold. Also, Or 1 {iri (ip) \ is real. In fact, first of all it holds: 

H^j = H(<p), (38) 

where Tt : TZc (J°° (ir)) — > Tic (J°° M) is the map associated with the complex conju- 
gate of matrix H. Then 

n- 1 (%J) = n- 1 (n M) = (h q h- 1 ) * , 

which, keeping in mind that H o H^ 1 is a real transformation (see section 12. proves 
the reality of H^ 1 \ Ti (tp)j- This implies that 

Then, in view of (|3*7jl . we get 

(w 1 (W (^))J 2 = (tt 1 (W (v?)) 2 ) 1 = 0. 

■ 

Now it is possible to prove the following 
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Theorem 6 The linear map 

: Sym^(y) - Sym n (£) , <p ^ (H (<f)) 1 + (H (<p)) 2 
is a vector space isomorphism. 

Proof. The map 0' : 77 1— > {^Hr 1 — (7^ _1 (?7)) 2 is both the left and right inverse 
map of B. In fact 

e' (0 (if)) = {n- 1 (n {( P )) 1 ) 1 + {n- 1 (h H)0 2 + 

which is equal to ip in view of previous lemma. The same reasoning holds for (0' (77)). 
■ 

Proposition 7 Let <p, ip e K (J°°(7r)). Then H{ip,'ip} = {H{tp) ,H(ip)}. 

Proof. The statement follows from definition (JHJ) and equation (jHfij) . ■ 

Remark 8 TTie map zs noi a Lie algebra morphism, as a direct calculation shows. 

Now we shall reproduce similar results for recursion operators. Firstly, denote by 
R ec n(y) an d Recft(£), respectively, the Lie algebra of recursion operators of y and 
£ with coefficients in 1Z (J°°(7r)). Similarly to the case of symmetries, we have the 
following 

Proposition 9 Let 3? £ Rec n (y). Then both (H' 1 and (H' 1 (9?)) 2 fe/ono to 

Rec^(£). 

Proof. It is a straightforward application of definitions and of lemma EJ ■ 
Theorem 10 The linear map 

: Rec^CV) - Rec^(£) , 3? ^ (tf- 1 (3J)) i + (tf- 1 (SR)) 2 
is a vector space isomorphism. 

Proof. The proof is similar to the proof of theorem taking into account that 
{H (H- 1 (»)).). <p = [U- 1 (H (» (<p))) J . , i,j = 1, 2. 

■ 

Remark 11 We note that all results obtained in this section remain true if one replaces 
in WDi) matrix P ( see (f73j) ) with the more general matrix P o Q with Q being any 2x2 
real matrix. 
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3 Examples of computations and Lie structure of 
rational symmetries of Sed 

Below we apply the results obtained in the previous sections to Sed- In order to do 
this, in what follows by H we mean the infinite contact prolongation of Hq o G where we 
recall that Hq is defined by (120)1 and G by . The H so defined transforms S^ D into 
y%°D ( see a ^ so remark |2J). Also, in view of remark ITT| all theorems of section 12721 remain 
true for such H. We choose (x, y, u, u^, u v , . . . , u^, u^, ■ ■ .) as internal coordinates on 
y%° D and (x, y, u, u x , u y , . . . , u x jk-i)y, u k y , ■ ■ ■) as internal coordinates on S^ D . 
As an example of computation of symmetries of Sed we give the following 

Proposition 12 The symmetries of Sed depending on derivatives up to second order 
are linearly generated by the following ones: 

Xi = (u x + u y + 2u xy x + 2u xy y)/(x + y) 

X2 = (—yu x + 3xu y — 2u xy y 2 + 2u xy x 2 + 2u yy x 2 + Au yy yx-\- 

2u yy y 2 + xu x + yuy)/ (x + y) 
X 3 = {—u x yx — u y y 2 + u y x 2 — u y yx — 2yx 2 u xy — 2y 2 xu xy + u yy x 3 + 

UyyX 2 y ~ UyyXy 2 ~ UyyV^) / (X + ?/) 

X 4 = (3x 2 yu x + x 3 u x — 3y 3 u y + uy 2 — ux 2 + 9x 2 yu y — 3xy 2 u x + 8u xy x 3 y+ 
4u yy x 3 y + 4u yy y 3 x - 8u xy y 3 x + \2u yy x 2 y 2 + 2u xy x 4 - 2u xy y 4 - 
2u yy x 4 - 2u yy y 4 + 3xy 2 u y - x 3 u y - y 3 u x )/(x + y) 

X 5 = (uy 3 + ux 3 - \2u xy x 2 y 3 - Y2u xy x 3 y 2 - 20u y y 3 x + \2u y x 3 y- 

00 o 00 o o 

18u y x y + Au x y x — 12u x x y — 18u x x y — 5uxy — 5ux y+ 
u yV 4 + 5u y x 4 + u x x 4 + 5u x y 4 — 8u yy y 4 x — 8u yy y 3 x 2 + 8u yy y 2 x 3 + 
8u yy yx 4 + 2u xy y 4 x + 2u xy x 4 y + 2u xy x 5 + 2u xy y 5 )/ (x + y) 

A 6 = -u x + u y 

X 7 = u + 2xu x + 2yu y 

X$ = ux — uy — u x y 2 + u x x 2 — 2u x yx + u y x 2 — u y y 2 + 2u y yx 
X 9 = u 

Proof. Firstly we take symmetries depending on second derivatives of ^ed, obtained 
in jllj . and then we transform them by using the map (see theorem IHJ). ■ 

Symmetries X$, X7, X$ and Xg generate the algebra of classical symmetries of 
Sed- We note that they are point symmetries, as their generating sections are linear 
in the first derivatives. This means that the corresponding vector fields on J 2 (ir) are 
prolongations of vector fields on E rather than on «/ 1 (vr). This fact was noticed in [2], 
where variational aspects of Sed were also studied. 

Let us go back to equation 3^i> In [TD| , [TT] , [T^J it is proved that contact symmetries 
coincide with classical point symmetries. More precisely we have that the most general 
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generating section of a contact symmetry is, up to an arbitrary solution, of the following 
form: 



( ci — h c 4 j u + (-c^ 2 + c 2 £ - c 3 ) m 5 + (cir] 2 + c 2 r] + c 3 ) w,, 



where Ci,c 2 ,c 3 ,C4 are arbitrary constants. As equation is linear, such symmetries 
determine recursion operators as they are linear in u and in its derivatives ([Ej)- In 
particular 

n = Dt-D v , a = ^D i + r ] D v + ^, r = £ 2 £> s - V *D V + ^1 (39) 

are recursion operators. Since higher symmetries of 3^d are linear in u and in its 
derivatives (see theorem EH below), then in this case the theory of higher symmetries 
can be developed using recursion operators as fundamental objects (|8j). For instance, 
it is natural to ask if by applying arbitrary compositions of (J3U|) to the symmetry u we 
get the whole algebra of higher symmetries. For this purpose, let us consider 



□™ = [...p m ,r],...,r] (40) 

and 



3 

j-times 



<p = □(«), <p 1 = r(u), y? 2 = frt« - TjUrm + ~T I ^ ■ 

£ + rj 

Since the recursion operators are C-differential operators, it is well defined the 
restriction □ ■ of (|4T)|) on the equation. The following three theorems are due to She- 
marulin (see HDJ , HH , |I2| ) ■ 

Theorem 13 Let ip G C°° (3^£) 2 ) be a symmetry of yED- Then ip has the following 
form: 

<p = (f>^,v) + Pk(Z,ri)ukz+ Qhitvhhv, (41) 

0<fc<n 0<h<n 

where <fi is a solution of and Vk and Qh are rational functions. 

Theorem 14 The algebra Sym (3^ed) is the semi-direct sum A © NSym (3^ed) where 
A is the abelian infinite dimensional ideal of solutions of yED and NSym (34;l>) is the 
algebra linearly generated by u and tp™ where 

<pT = {•••{{••• {y ? o > y ? 2}---^2 } yi}--.yi }- 

(j-l)-times m-times 

Theorem 15 The algebra NSym (J^ed) is linearly generated by u and D™(u). More- 
over, we have the following relations: 

[Df, □] = —j (2m - 3 + l) 1 < j < 2m 

PY,a]=(m-j)Df, 0<j<2m 
pf,r ]=D^ 1 , 0<j<2m 
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and 

^ 0, < j < 2m; 

= 0, j > 2m + 1. 

Now we shall reproduce, for the equation Sed, similar results by using the complex 
transformation H. 

Proposition 16 Rational symmetries of Sed are linear in the internal jet variables. 

Proof. We recall (theorem |HJ) that rational symmetries of Sed are images through 
H. of symmetries of 3^d, which have the form (|41j) . In view of the fact if is a block 
matrix, the proposition follows if we show that the restriction of u mXyny to S E z D ~ n ~ 2 is 
a linear function in the internal jet variables. We show it by induction. Firstly, a 
straightforward computation shows that 

//A (—\\ k k\ 

U xx ,hy\ £ h D = - 22 (jfcj ^ + y }k+l ( U *Ah-k)y + U [h ^ k+1)y ) - U {h+2)y - (42) 

Now let us suppose that U( m -\\ x nv L m+n _ 3 is linear in the internal jet variables. Namely 

' ED 

m+n— 2 m+n— 1 

u (m-l)x,ny\ £ m+n-3 = ^ a h{ X : V) u x,hy + ^ ] bj(x,y)lLj y . 

h=0 j=0 



Then 



1^mx,ny\g^-+ n — 2 D x \yU(m—l)x,ny \gm+n—l 

m+n— 2 / \ m+n— I / \ 

= ( ~7w Ux > hy + afl Uxx ^y\e h ED ) + ^ ( + ) • 

/i=o ^ ' i=o ^ ' 

The assertion is proved in view of (J4*2*|) . ■ 

We define the algebra NSym (Sed) a s the algebra of rational higher symmetries of 
Sed up to solutions of Sed- As we have noticed in remark |H1 the map 6 is not a Lie 
algebra morphism. Anyway we have the following 

Proposition 17 The algebra NSym (Sed) is infinite dimensional as vector space and 
finitely generated as Lie algebra. More precisely 

Q™ = {•••{{••• W £2} • • • Q2}Ql} ■■■Qi} 

(j-l)-times m-times 

where 



Qo = ~u x + u 

Q! = ^ (x 2 - 2xy - y 2 ) u x + ^ (x 2 + 2xy - y 2 ) u y + ^(x-y)u 
g 2 = (x + y) u yy + (x~y) u xy + - j— ^ ((x -y)u x + (3x + y) u y ) 
form, together with u, a linear basis o/NSym (Sed)- 
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Proof. The proposition follows taking into consideration that restricts on NSym (3^d) 
and NSym (Sed), theorem ITU and finally that 7i (ip ) = igo, 7~t (<fi) = iQi, Ti. (^2) = £f?2- 
■ 

By transforming recursion operators (fHHj) throughout H~ x , we get the following 
Proposition 18 

H~ 1 (p)=iD, H-\t)=vt, H-\a)=a, 



where 



□ = —D X + Dy 

t = I -x -xy 

o = xD x + yD y 



^y 2 J D x + Qx 2 + xy - ^y 2 j D y + ^(x-y)I 



I 
2 



Now, if we define 

V r = [...p m ,r] 1 _^ 

j-times 

we get the Lie structure of NSym (Sed) by means of the following 

Theorem 19 The algebra NSym (Sed) is linearly generated by u and \7j\u). More- 
over, we have the following relations: 

VJ\ □] = j (2m -j + l) V™ x , 1 < j < 2m; 

[V?,Z] = (m-j)Vf, 0<j<2m; 
[V?, r] = V™ +1 , 0< j<2m; 

and 



V 3 - («) ^ 0, < j < 2m; 



-m , 



Vj (u) = 0, j > 2m + 1. 

Proof. We have that 

H- 1 (Of) = [... (D)) m , (r% ...,H- 1 (r) 



V 

j-times 

i m+J [...[D m 1 ^ ) ..,?] =i m+J v, m . 



j-times 

Then, taking into account theorem El and theorem the theorem follows. 
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Finally, taking into account that symmetries of Bed are linear in u a (see proposi- 
tion US)), for each couple A, V of recursion operators of Bed, we have that [A, V](iz) = 
— {A(u), V(-u)}. Then, in view of previous theorem, we get the Lie structure of NSym (Bed)- 
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